Matsubara dynamics has recently emerged as the most general form of a quantumBoltzmann-conserving classical dynamics theory for the calculation of single-time correlation functions. Here, we present a generalization of Matsubara dynamics for the evaluation of multi-time correlation functions. We show that the Matsubara approximation can also be used to approximate the two-time symmetrized double Kubo transformed correlation function. By a straightforward extension of these ideas to the multi-time realm, a multi-time Matsubara dynamics approximation can be obtained for the multi-time fully symmetrized Kubo transformed correlation function.
I. INTRODUCTION
It is undebatable that quantum thermal time correlation functions (TCFs) play a central role in the description of dynamical properties of chemical systems. [1] [2] [3] This has in large been driven by linear response theory 4 , which connects linear absorption spectroscopy, diffusion coefficients and reaction rates constants with single-time correlation functions. Although sometimes a complete classical description of these properties suffices, there are plenty of examples were nuclear quantum effects (NQE), such as zero-point energy fluctuations and tunneling, play crucial roles and modulate the dynamical behavior of the system. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] However, despite the great advances in recent years of algorithms for the exact quantum mechanical propagation of small systems comprising few particles, [16] [17] [18] the exact full quantum mechanical calculations of TCFs for condensed phases systems involving many degrees of freedom is still impractical. Therefore, there is great interest in the development of reliable approximate methods based on classical molecular dynamics that retain the quantum nature of the Boltzmann distribution.
Over the past three decades significant progress has been made in this direction, with the development of approximate classical-like methodologies that to some extent include quantum statistics, [19] [20] [21] [22] [23] [24] [25] [26] [27] providing efficient and robust ways of including NQE into dynamical properties like vibrational spectra, diffusion coefficients and reaction rates constants for a variety of condensed phases systems. 12, 25, [28] [29] [30] [31] [32] [33] [34] [35] [36] Very recently, a new approximation known as Matsubara dynamics 37 was derived and demonstrated to give the most consistent way of obtaining classical dynamics from quantum dynamics while preserving the quantum Boltzmann statistics. Although not a practical methodology, due to the presence of a phase factor in the quantum distribution that gives rise to a sign problem, Matsubara dynamics represents a benchmark theory to develop and to rationalize approximate methods. Upon performing additional approximations 38, 39 to Matsubara dynamics it is possible to obtain previous heuristic methodologies such as centroid molecular dynamics (CMD) 19, 20, 22 , ringpolymer molecular dynamics (RPMD) 23, 24 and the planetary model 27, 34 (also known as the Feynman-Kleinert Quasi Classical Wigner method) but it's true potential comes from it's ability to yield new approximations. 40 The theory of Matsubara dynamics for the evaluation of single-time correlation functions provides a step towards the correct theoretical description of the combination of classical dynamics and quantum Boltzmann statistics. 
II. SINGLE-TIME MATSUBARA DYNAMICS
To facilitate the derivation of the multi-time Matsubara dynamics approximation, we first review the formulation of single-time Matsubara dynamics. 37 This allows us to present the notation that will be used in the paper and to focus on the critical steps of the derivation that will be important for the multi-time generalization. This section closely follows the derivation presented in Ref. 37 and the references therein. The reader is referred to these for further details.
The starting point for deriving Matsubara dynamics is to obtain a path integral discretization of the Kubo transformed single-time correlation function defined by
where β = 1/k B T is the inverse temperature and Z is the partition function defined as
For clarity of presentation, we consider a one-dimensional system with a Hamiltonian of the formĤ =p 2 /2m + V (x), with the extension to multidimensional systems being straightforward. 37 Also, to further simplify the derivation,Â = A(x) andB = B(x) are assumed to be position-dependent operators, although similar expressions can be obtained for operators that only depend on the momentum operator.
Discretizing the integral over lambda into N terms, and inserting N − 1 identities of the
Eq.
(1) can be recast as:
where
and β N = β/N . Note that the symmetric structure of Eq. (4) allows for the interpretation of the trace in terms of a repeating block structure of the formĴ
with the operatorÂ evaluated inside a particular block depending on the value of the sum index k and the operatorB evaluated at the last block.
A path integral representation of Eq. (4) can be obtained by inserting identities inside the building blocksĴ (1) in the form (see the schematic representation in Fig. 1 )
to yield
and dx = dx 1 dx 2 · · · dx N (with x 0 = x N ). Note, however, that due to the cyclic structure of the path integral representation, the operatorB can be averaged over all z coordinates to give an even more symmetric form of the Kubo transform
This expression, whose schematic representation is presented in Fig. 1 for N = 4, represents an exact path integral representation of Eq. (1) in the limit N → ∞ and emphasizes the symmetry with respect to cyclic permutations of the coordinates of the path integral.
37,50
In order to make the Matsubara approximation, it is necessary to express Eq. (9) in terms of a phase space average. 51 To this end, making a change of variables on the Cartesian q and q variables to sum/difference coordinates
for each value l = 1, ..., N , allows us to re-express Eq. (9) as
where we have defined
and
Eq. (12) is known in the literature as the Generalized Kubo Transformed correlation function 37, 52 . We anticipate that obtaining an expression of this form for multi-time correlation functions would be a key step in the multi-time generalization of Matsubara dynamics (see Secs. III and IV)
Eq. (12) can be recast as a phase space average by inserting identities of the form
for each l = 1, ..., N , to obtain
AB (t) = 1 (2π ) N dq dp e
The 
To complete the phase space representation of the Kubo transform it is useful to recast Eq. (16) in terms of the quantum Liouvillian instead of the Hamiltonian. By noting that
one can formally write the exact correlation function in Eq. (16) as
In Eqs. (20) and (21)L N represents the Moyal expansion of the quantum Liouvillian of the N blocks as defined by
is known as the Janus operator 48 and the arrows indicate the direction in which the differential operators are applied, i.e to the left or right. In what follows, it will be convenient to rewrite the Liouvillian more compactly aŝ
The advantage of having the Kubo transformed correlation function expressed as a phase space average in ring polymer coordinates, namely Eq. (21), is that now it is possible to make a coordinate transformation to the normal modes describing the centroid and the fluctuations of the free ring polymer. 56, 57 The normal transformation is defined by the matrix T with elements
whereN = (N −1)/2 is chosen to be odd for convenience (even N leads to the same result 37 ).
The normal mode coordinates (denoted as Q and P ) are defined by the relations
where we have included an extra √ N factor to ensure that the Q converge in the limit N → ∞, giving the centroid for Q 0 . The square roots of the eigenvalues of the matrix defined in Eq. (28) are given byω
In these new coordinates Eq. (21) takes the form
where dX = dX −N dX −N +1 · · · dXN −1 dXN and where the Liouvillian in these new coordinates is given byL
with the Janus operator now defined aŝ
Following the notation of T. J. Hele et al., 37 in the above equations and for what follows it is to be understood that all instances of Q (P ) inside a function should be interpreted as
the coordinate transformations defined in Eqs. (29) and (30).
The M lowest frequencies of Eq. (31) in the limit as N → ∞ are known in thermal field theories as the Matsubara modes of distinguishable particles. 58 An explicit form for these frequencies exists,
whereM = (M − 1)/2. In this limit, the M lowest modes (the Matsubara modes) become
Fourier coefficients of the position q(τ ) = q l (with τ = β N l), which means that q(τ ) can be built from a superposition of Matsubara modes as
The significance of working with the Matsubara modes is that q(τ ) is a smooth and continuous function of the imaginary time variable τ . 
with A M (Q) and B M (Q) defined analogously to U M (Q). This expression is significant since it implies that only smooth Matsubara modes contribute to the Boltzmann average of the Kubo correlation function at time zero. At finite times, unless the potential is harmonic, non-Matsubara modes will couple to the smooth modes due to Eq. (33) and, hence, the distribution would become jagged and detailed balance will not be satisfied. It is worth mentioning that the Janus operator (Eq. (34) The Matsubara approximation is then to assume that one can neglect the coupling to the non-Matsubara modes for all times and use only the Matsubara modes to describe the time evolution of the system. This is done by neglecting the non-Matsubara mode terms in Eq. (34) which produces the effect of decoupling the non-Matsubara modes from the Matsubara modes in the dynamical evolution. The quantum Liouvillian then reduces to a classical Liouvillian in the Matsubara modes in the limit
which happens because in the Matsubara subspace is replaced by an effective Planck's constant /N which in the limit as N → ∞ vanishes. The Matsubara approximation to the Kubo transformed correlation function is then
Note that Eq. (42) still depends on the non-Matsubara modes through the potential. However, since these modes are decoupled from the Matsubara modes they can be analytically integrated out to give 37,63
where it is to be understood that all the variables are now of the Matsubara modes only. L M is the classical Liouvillian in the Matsubara subspace (Eq. (41)) but with the Matsubara potential U M (Q) (defined by Eq. (39)) replacing U N (Q)/N . The Matsubara Hamiltonian is given by
and the Matsubara phase, which converts what would be a classical Boltzmann distribution into a quantum one, is
It can be straightforwardly shown that the Matsubara correlation function of Eq. (43) contains all the symmetries of the Kubo transformed correlation function. Furthermore, it can be shown that the classical dynamics generated by the Matsubara Liouvillian preserve both the Matsubara phase and the Boltzmann distribution, which ensures the quantum Boltzmann distribution is conserved during the classical evolution of the Matsubara modes.
Matsubara dynamics is also exact in the harmonic limit for any correlation function due to the fact that for this particular potential the non-Matsubara modes do not couple to the Matsubara modes. Matsubara dynamics will perform better than Ring Polymer Molecular Dynamics (RPMD) 23, 31 and Centroid Molecular Dynamics (CMD) 19, 20, 22 in general due to the fact that it explicitly includes the fluctuation dynamics that both CMD and RPMD miss. This is to date the most general form of classical Boltzmann preserving dynamics from which it has been shown that RPMD, CMD and the Planetary Model 27 are in fact approximations of Matsubara dynamics 38,39 .
III. TWO-TIME MATSUBARA DYNAMICS
Having established the key steps of the formulation of single-time Matsubara dynamics, we now present the derivation of the Matsubara approximation for the two-time symmetrized double Kubo transform correlation function. To keep the discussion concise we utilize many of the results from Sec. II.
A. Path Integral Discretization of the Symmetrized Double Kubo Transform
We start by defining the symmetrized double Kubo transform as
whereÔ(τ ) = e iĤτ / Ô e −iĤτ / andT β is the imaginary time ordering operator
Here, t and t are taken to be independent time variables. By using the definition of the imaginary time ordering operator and exchanging the integration limits, Eq. (46) can be expressed as
Note here that β ≥ λ ≥ λ ≥ 0, which ensures that there is no backwards imaginary Following the ideas of the previous section, we discretize the iterated integrals and make the expression more symmetric by inserting N − 1 identities of the form
to obtain 
and 
The structure of Eqs. (52) and (53) suggests that the interpretation of the double Kubo transforms can be cast in terms of a new block structure of the formĴ (2) = e −βĤ e iĤt/ e −iĤt/ e iĤt / e −iĤt / with the operatorsÂ andB evaluated in different blocks depending of the sum indexes. Note, however, that in Eq. (52) the operatorÂ is evaluated over all the blocks whereas the operatorB is evaluated only at particular blocks (constrained by the inner sum index); in Eq. (53) the opposite behavior is found, i.e.B is evaluated over all the blocks whereasÂ is constrained at particular blocks. This is a consequence of the imaginary time ordering found in Eqs. (49) and (50) . However, since the underling block structure is the same for both I 1 and I 2 (i.e. the block structureĴ (2) is common to both traces), the sum of I 1 and I 2 allows the evaluation of bothÂ andB over all the blocks. This is vital for obtaining a symmetric form of the Kubo transform and will be crucial for constructing the multi-time generalization of Matsubara dynamics (see section IV).
To obtain a path integral representation of the double Kubo transform, we path integral discretize the building blocksĴ (2) in the form (see Fig. 2 for an schematic representation)
and add Eqs. (52) and (53) to obtain
An schematic diagram of this expression for N = 4 is shown in Fig. 2 and highlights the symmetry of the symmetrized Double Kubo transform.
By making the change of variables from Cartesian coordinates to the sum/difference coordinates of Eqs. (10) and (11), we can re-express Eq. (55) as
where ρ(q, ∆; β) is defined in Eq. (13) and
Eq. (56), which we term the Generalized Double Kubo Transformed correlation function, corresponds to an exact path integral representation of the symmetrized double Kubo transform and represents the first important result of this paper. To the best of our knowledge, this is the first time that an expression that emphasizes the symmetry with respect to cyclic permutations of the coordinates of the path integral for the symmetrized double Kubo transform has been presented.
B. Phase space representation
A phase space representation of the Generalized Double Kubo Transform Eq. (56) can be obtained by inserting Dirac delta identities of the form of Eq. (15) to arrive at:
where e βĤÂ N (q, p) has been defined in Eq. (17) and
The structure of the two-time Wigner transform in Eq. (59) involves a double sum over products of one-dimensional Wigner transforms. However, with the use of the Moyal product, 53, 64 which replaces a Wigner transformed product with a product of Wigner transforms, it can be recast in the more compact form (see Appendix A):
with Ô (t) N (q, p) defined in Eq. (18) and the Janus operatorΛ N defined in Eq. (26) .
SinceÂ andB only depend on position, at t = t = 0 it follows that:
Noting that due to the identity in Eq. (60) and the fact that t and t are independent variables it holds that (62) whereL N is the Liouvillian defined in Eq. (22), Eq. (58) can be recast in terms of a phase space representation as:
Eq. (63) 
C. Two-Time Matsubara Dynamics Approximation
It is straightforward to recast Eq. (63) in terms of normal mode coordinates by applying the transformation in Eq. (28) to obtain
Note that since in the normal coordinates each derivative with respect to Q k (P k ) brings a factor of N −1/2 , the Moyal product term in Eq. (64) 
Note that, just as in the original Matsubara derivation, we have not used the assumption that → 0 to reach to this classical expression, but rather used the fact that in the Matsubara subspace linearization of the dynamics arises naturally in the limit as N → ∞ (due to the effective Planck constant /N going to zero).
Eq. (65) 
where it is understood that the integration is performed over only the Matsubara modes.
This expression represents the Matsubara approximation to the symmetrized double Kubo transform and is another major result of the paper. Since the dynamics of both B(Q) and C(Q) are generated from the classical Matsubara Liouvillian, which conserves both the Matsubara Hamiltonian and phase factor, it follows that Eq. (66) satisfies detailed balance and thus preserves the quantum Boltzmann distribution. Matsubara dynamics is still exact in the harmonic limit for any two-time correlation function and contains all the same symmetries as the exact double Kubo Transform correlation function. In Appendix B
we present a numerical demonstration of the convergence of Eq. (66) for a model system.
At time t = t = 0 one can obtain an alternative expression to Eq. (66). Following Ref.
38, one can perform the same analytic continuation of the phase factor to obtain
where R M (Q, P ) is the ring polymer Hamiltonian in normal mode coordinates defined in Eq.
(38). This expression represents an exact (smoothed) path integral Fourier representation of the statistics of three operators and is equivalent (in the limit of large M ) to previously derived expressions.
44,45

IV. GENERALIZATION TO MULTI-TIME
Following the derivation of the previous sections, it is possible to perform a generalization of the Matsubara dynamics approximation to any order of the symmetrized Kubo transformed multi-time correlation function. In general, the fully symmetrized n-th order Kubo transform is given by
where t = (t 1 , t 2 , · · · , t n ) andT β is a generalization of Eq. (47) . Note that the single Kubo transform (Eq. (1)) and the symmetrized Double Kubo transform (Eq. (46)) are special cases of this definition (for n = 1 and n = 2, respectively).
By expanding the time ordering operatorT β , using properties of the trace and exchanging the integration limits, Eq. (68) can be expressed as a sum of n! terms of the form
where I j (t) represents an ordered Kubo transformation with
example of what one of these terms looks like is
Note that n! accounts for all the possible permutations of the n operators {A 0 , A 1 , · · · , A n−1 } inside the integral. For the n = 2 case, the 2! = 2 terms in Eq. (69) are given by Eqs. (49) and (50).
Generalizing ideas from the previous section, one can discretize the integrals and insert N − 1 identities of the form
to obtain for each I j a symmetric expression that involves repeating blocks of the form
and performing the change of variables from the q and q Cartesian coordinates to q and ∆ sum/difference coordinates, the fully symmetrized n-th order Kubo transform Eq. (68) can be cast as
where ρ(q, ∆; β) is defined in Eq. (13) and Inserting delta function identities allows one to re-express Eq. (74) as a phase space average of the form
dq dp e
with Â 1 (t 1 )Â 2 (t 2 ) · · ·Â n (t n ) N (q, p) being the multi-time generalization of Eq. (59) . Using a generalization of the derivation presented in Appendix A
and the fact that all the times are independent of one another, the N bead phase space representation of Eq. (68) is given by
The Matsubara approximation to Eq. (77) can be obtained by transforming to normal modes, taking the limit N → ∞ and neglecting the non-Matsubara modes from the Janus operatorΛ N to yield
The multi-time generalization of Matsubara dynamics is, just as the single-time counterpart, a classical-like approximation to the Kubo transformed quantum multi-time correlation function that preserves the Boltzmann distribution. Eq. (78) is the most general form of Matsubara dynamics under the Born-Oppenheimer approximation from which it can be seen that the single-time formulation is just a special case of it.
V. CONCLUSIONS AND FUTURE WORK
In the present work we have presented a multi-time generalization of Matsubara dynamics Besides deriving the multi-time formulation of Matsubara dynamics, which is the main purpose of the work, the derivation presented here also provides an exact expression for the evaluation of the multi-time symmetrized Kubo transform, both in path integral form (Eq.
(74)) or as a phase space average (Eq. (77)). Although these expressions are impractical for the calculation of multi-time correlations functions for condensed phases systems, they might serve as starting points for the development of other semi-classical approximations.
Work in this direction is currently underway. To prove that Eq. (60) holds, it is useful to re-express Eq. (59), by noting that N − 1 of the forward-backward propagations are identities, as
where Ô W defines the Wigner transform of operatorÔ as
Noting that the Wigner transform of a product is given by
whereΛ is the Janus operator (see Eq. 23), the terms in the first sum can be further re-expressed as
Using the definition of the Janus operatorΛ j and noting that the leading order of an exponential is 1, the previous expression can be cast as
Noting that mixed derivatives inside the sum are zero, namely
the previous equation can be recast as
Recognizing that N l=1Λ l =Λ N and that
it follows that
Appendix B: Matsubara Dynamics Computational Details
To test the performance of the two-time Matsubara dynamics, we perform numerical comparisons between Eq. (66) and the exact result for a model potential. We considered the quartic potential V (q) = 1 4 q 4 and evaluate the correlation K sym q 2(t, t ) for a temperature β = 1 (atomic units are used). Note that this potential represents a severe test for any method that neglects (real-time) quantum phase information. In Fig. 4 we present comparisons between exact results and the Matsubara dynamics for three different cuts along the t axis. At short times, Matsubara dynamics it is seen to be an excellent approximation, but the accuracy decreases as either t or t increases. Note that at time t = t = 0 Matsubara dynamics is exact. The Matsubara correlation function was calculated entirely in the normal mode representation for polynomial potentials as described in the supplemental information of Ref. where · · · = dQ dP e −βH M (Q,P ) · · · dQ dP e −βH M (Q,P ) .
We found that M = 5 Matsubara modes were sufficient for reaching convergence. The convergence of the Matsubara two-time correlation function is slower than that of the single-time and adding more Matsubara modes requires much larger samples restricting the calculation to the high temperature regime. 
